
A Model of Endogenous Money 

This model demonstrates how an economy evolves under two particular simple policy rules by the 

central bank.  I will show how targeting an inflation rate and suppressing real interest rates leads 

predictably into a liquidity trap in the long run when people believe that the central bank will deliver on-

target inflation.   

The General Approach 

This is a representative agent model but there are a couple aspects of it that are a little different from 

the usual RA model.  Most importantly, the representative agent in my model is not maximizing over an 

infinite time horizon.  He is maximizing an instantaneous utility function which represents his 

preferences over current consumption, next-period real wealth and real money balances.  The goal of 

this will be to determine the marginal conditions that must hold in a market equilibrium.  Market prices 

can then be derived from these conditions.   

This means, for one, that agents need not be infinitely-lived.  At any given moment, an agent trades off 

consumption against future wealth and real money balances.  Agents desire future wealth because it 

gives them more options in the future but this does not require them to plan a path for consumption for 

the indefinite future.  It doesn’t even require the agent to expect to be alive in the next period if there is 

either some probability of him being alive or if he desires to leave something for his heirs.  It also does 

not impose a real interest rate on the market by means of a discount factor.   

Another implication of this approach is that it makes it simple to imagine an economy made up of many 

agents like the representative agent who each produce a different good and trade with each other.  

These agents need not all be identical.  The same marginal conditions will hold for each one in 

equilibrium anyway.  However, for the sake of tractability, I will assume that all agents are identical and 

normalize all variables to per-capita values. 

Finally, I will assume that there are no market frictions and therefore that all markets are always in 

equilibrium.  This means that there will be no short-run effects from sticky prices/wages or money 

illusion or anything like that.  This is not meant to deny that such phenomena exist but they are not the 

focus of this model.  You may consider the “short run” in this model the “medium run” in the context of 

a sticky-price or money-illusion model. 

Instantaneous Maximization 

Each period, each agent has some amount of wealth which has a real component and a monetary 

component.  The real component is composed of real goods and the nominal component is composed of 

money.  Separating these is the key innovation of this model as real and monetary wealth are 

substitutes whose values evolve differently over time.   

It is assumed that agents sell all of their real wealth at the market price and then buy real goods for the 

purpose of both investment and consumption.  In the next period, the real component of their wealth 

will be determined by their investment in the current period according to the production function F(I).   

Goods are sold for money and money is used to buy other goods.  Agents choose how much wealth to 

hold as money vs. how much to “hold” as real goods in the form of investment.  It is assumed that real 

goods cannot be stored until the next period and all capital is destroyed in the production of new goods 



(the depreciation rate is 100%).  For a given rate of return, agents would prefer to hold money over 

investments because they are more liquid and therefore offer more flexibility of spending in the period 

until the produce from investment is realized.   

Monetary policy takes the form of a nominal interest rate set by the monetary authority.  For whatever 

rate they set, it is assumed that they provide as much credit in the form of money as is desired.  I will 

consider two monetary policy rules.  First, I will assume that people believe that the central bank will 

keep the nominal rate constant indefinitely and derive an equilibrium (steady state) path for prices.  

Then I will imagine that the central bank promises to produce a given, constant inflation rate and that 

people believe they will succeed.  Then I will describe the path for interest rates which will be necessary 

in order for them to actually produce the promised (and expected) inflation. 

When people decide to borrow money from the bank, I assume that this money is created and loaned to 

them.  When they repay the loans, I assume that the money is destroyed.  The central bank, and the 

central government use no resources, have no expenses, collect no taxes, pay no dividends, and engage 

in no other forms of “fiscal policy.”  This is a key assumption which I will discuss further after working 

through the model. 

At any period t, the agent’s maximization problem is the following. 

max
𝑐𝑡,𝐼𝑡,𝐿𝑡,𝑀𝑡,𝐿𝑡

𝑈 (𝑐𝑡, 𝑤𝑡+1,
𝑀𝑡

𝑃𝑡
)   

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑇𝑜:       𝑌𝑡𝑃𝑡 + 𝑚𝑡 + 𝐿𝑡 = 𝑃𝑡(𝑐𝑡 + 𝐼𝑡) + 𝑀𝑡   

𝐴𝑛𝑑                      𝑤𝑡+1 = 𝐹(𝐼𝑡) +
𝑀𝑡

𝑃𝑡+1
−

(1+𝑖)

𝑃𝑡+1
𝐿𝑡  

Where the variables are the following. 

c: real consumption  

w: real wealth  

I: real investment 

L: nominal loans 

M: nominal money balances 

P: price level 

Y: real component of wealth at the beginning of the period (measured in real terms) 

m: nominal component of wealth at the beginning of the period (measured in nominal terms) 

The first constraint above says that nominal wealth at the beginning of the period plus the nominal 

value of loans taken out from the central bank must equal total expenditure on real goods plus nominal 

money balances.  The second constraint defines real wealth in the next period as the produce from 

investment plus the real value of money balances carried over to next period, net of the repayment of 

loans.  



The variable L can be eliminated from the maximization problem by solving the second constraint for L 

and plugging into the first constraint.  Then we have the following Lagrangian. 

ℒ = 𝑈 (𝑐𝑡 , 𝑤𝑡+1,
𝑀𝑡

𝑃𝑡
) + 𝜆 [𝑚𝑡 +

𝑃𝑡+1

1 + 𝑖
(𝐹(𝐼𝑡) − 𝑤𝑡+1) + 𝑃𝑡(𝑌𝑡 − 𝑐𝑡 − 𝐼𝑡) −

𝑖

1 + 𝑖
𝑀𝑡] 

This yields the following first order conditions (along with the remaining constraint). 

𝐹′(𝐼) = (1 + 𝑖)
𝑃𝑡

𝑃𝑡+1
          [1.1] 

𝑈𝑐

𝑈𝑤
= (1 + 𝑖)

𝑃𝑡

𝑃𝑡+1
          [1.2] 

𝑈𝑀

𝑈𝑤
=

𝑖

𝑃𝑡+1
           [1.3] 

The first two should look somewhat familiar.  The first shows that the marginal productivity of 

investment must be equal to approximately 1+i-π (where π is the rate of inflation).  The second says that 

the marginal rate of substitution between current consumption and future wealth must be the same.  

Together, these represent the Fisher equation: i=r+π.  The final condition shows the marginal liquidity 

preference for money relative to an alternative investment which would yield the same amount of real 

wealth in the following period.   

Solving these four equations simultaneously for c, I, M, and w and recovering L from one of the 

constraints yields the demand functions for these variables conditional on the price level, the (expected 

future price level, the nominal interest rate, and the real and nominal components of wealth at the start 

of the period. 

Dynamic Equilibrium: Fixed Nominal Rate 

In each period, there will be a quantity of real goods available in the economy which will be the result of 

investment in the previous period.  Note that these “real” goods may include labor (or time) which can 

also be used for either investment or consumption purposes.  There will also be some conditional 

demand for real goods which will be equal to c*(Pt,Pt+1,i,Yt,mt)+I*(Pt,Pt+1,i,Yt,mt).  Equilibrium in the 

goods market requires that supply be equal to demand.  Or, in other words that: 

c*(Pt,Pt+1,i,Yt,mt)+I*(Pt,Pt+1,i,Yt,mt)=Yt 

A dynamic equilibrium will be characterized by a time path for prices such that the goods market is in 

equilibrium in every period.  This is difficult to characterize generally, so in order to do so let us first 

assume a functional form for the utility and production functions.  These will be assumed to be the 

following (dropping the subscripts).   

𝑈 (𝑐, 𝑤,
𝑀

𝑃
) = 𝑐𝛼𝑤𝛽 (

𝑀

𝑃
)

𝛾
   0 < 𝛼, 𝛽, 𝛾 < 1 

𝐹(𝐼) = 𝜙𝐼𝜃   𝜙 > 0 𝑎𝑛𝑑 0 < 𝜃 < 1 

The conditional demand functions are a bit complicated and therefore the derivation of them will be left 

as an exercise for the student (haha). 



Second, let us focus on the steady state.  This is defined as the state in which investment and output are 

constant over time.  Finally, let us look for an equilibrium in which the rate of inflation is constant over 

time.  With these assumptions, we can characterize the steady state in terms of the nominal rate and 

the inflation rate (or, if you prefer, in terms of the constant real interest rate).   The steady-state values 

of Y and I can be found by solving equation [1.1] for I and plugging this into the production function to 

get Y.  These will be the following. 

𝐼(𝑖, 𝜋) = (
1+𝑖

𝜙𝜃(1+𝜋)
)

1

𝜃−1
         [2.1] 

�̂�(𝑖, 𝜋) = 𝜙 ((
1+𝑖

𝜙𝜃(1+𝜋)
)

1

𝜃−1
)

𝜃

        [2.2] 

Now we can determine the equilibrium price in the current period conditional on the nominal rate, the 

rate of inflation and real and nominal wealth components, assuming that we are in the steady state by 

solving the following equation for P. 

𝑐∗(𝑃, (1 + 𝜋)𝑃, 𝑖, �̂�(𝑖, 𝜋), 𝑚𝑡) = �̂�(𝑖, 𝜋) − 𝐼(𝑖, 𝜋)     [3] 

The solution to this is only moderately complicated but there isn’t that much to be gained from 

typing it out and I am lazy so for now I won’t.  But this lets us identify a current price that is 

consistent with a given expectation about the inflation rate between the current and subsequent 

period for given values of the nominal interest rate and the monetary component of wealth at the 

start of the period.  Let this price be denoted �̂�0(𝑖, 𝜋, 𝑚𝑜). 

So for any expected inflation rate, there is an initial price which will clear the market in the current 

period in the steady state.  However, we still don’t know which inflation-price level pair is a 

dynamic equilibrium.  In order to determine this, we must find one for which the expected price in 

the next period will actually be the equilibrium price when we get to that period. 

When the next period arrives, all variables will be the same (since we are assuming that we are in 

the steady state and we are looking for a solution with a constant rate of inflation) except for m, the 

monetary component of wealth at the beginning of the period.   The monetary component of next-

period wealth will depend on how much is borrowed in the current period.  The more that is 

borrowed (for a given nominal interest rate) the less will be the monetary component of wealth in 

the next period.  This is the key to making the whole model work. 

The monetary component of wealth in the next period will simply be M-(1+i)L.  We can find this as 

a function of the inflation rate (for given i) in the steady state by plugging the steady-state values of 

Y and I into the conditional demands for M and L along with the current price implied by 

equilibrium in the goods market and the implied expected future price given that price and the rate 

of inflation.   

�̂�𝑡+1(𝑖, 𝜋, 𝑚𝑡) = 𝑀∗( �̂�0(𝑖, 𝜋, 𝑚𝑡), (1 + 𝜋)�̂�0(𝑖, 𝜋, 𝑚𝑡), 𝑖, 𝜋, 𝑚𝑡) − (1 + 𝑖)𝐿∗( �̂�0(𝑖, 𝜋, 𝑚𝑡), (1 +

𝜋)�̂�0(𝑖, 𝜋, 𝑚𝑡), 𝑖, 𝜋, 𝑚𝑡)  

The equilibrium price in the next period, assuming that the expected rate of inflation and the nominal 

interest rate in that period are the same will then be determined by the monetary component of wealth 

which is carried over.  In equilibrium, the price which clears the goods market in the next period, given 



this value for the monetary component of wealth at the start of that period, must be the price which is 

expected in the current period (and this must be true in all periods).  Therefore, we can find the 

equilibrium level of inflation for a given nominal interest rate by solving the following equation for π. 

 �̂�0(𝑖, 𝜋, �̂�𝑡+1(𝑖, 𝜋, 𝑚𝑡)) = (1 + 𝜋)�̂�0(𝑖, 𝜋, 𝑚𝑡)       [4] 

Take my word for the fact that it works for all subsequent periods.  Once you have the level of inflation, 

everything else falls out pretty simply.  Unfortunately, it is difficult to solve for this analytically in a 

general sense.  It can, however, be found easily enough for given values of the parameters, so let’s look 

at some specific results to get a sense of how it works. 

First assume the following values for the parameters in the utility and production functions. 

𝛼 = .1  

𝛽 = .8  

𝛾 = .1  

𝜙 = 10  

𝜃 = .5  

The quantity of money is endogenous in this model in the sense that it is evolving over time in a 

deterministic way.  However, we still must assume an initial value for the monetary component of 

wealth at the beginning of the first period.  Money is “neutral” in this model in the sense that if the 

initial monetary component of wealth is increased, equilibrium prices increase but all other variables 

(including the equilibrium, steady-state inflation rate) remain the same.  This is actually critical for the 

existence of an equilibrium price path with a constant rate of inflation but I won’t get too deep into that 

here. 

It turns out, as we shall see momentarily, that monetary policy is also neutral but for now, just notice 

that the choice of the initial value of money is not important for the analysis so let us assume that 

m0=100.  Then we can consider the outcome associated with various values of the nominal interest rate.  

These are listed below.  All values are approximate (note that the solution is undefined when i=0). 

i    π   r   �̂�0   �̂�  

.01   -.125   .15   .545   43.3 

.05   -.091   .15   .545   43.3 

.1   -.047   .15   .545   43.3 

.15   -.004   .15   .545   43.3 

There are several important things to point out here.  The most important is that lower interest rates 

are associated with lower rates of inflation (in this case, higher rates of deflation).  Another is that for all 

of the rates shown above, the rate of inflation is negative.  This is because for all of these rates, the 

representative agent is a net borrower.  There is a nominal rate (about .15) which is associated with zero 

net borrowing and an inflation rate of 0.  Let us refer to this as the “natural real rate.”  Nominal rates 

higher than this will cause people to be net lenders to the central bank which will cause the money 



supply to increase over time and the inflation rate to be positive.  If rates are below this level, the 

opposite will be true.   

I chose to calibrate the model such that people are net borrowers for all rates similar to those which 

prevail in reality because I believe that is more consistent with what goes on in reality.  However, let me 

say at this point that I don’t believe this model, at this point, accurately reflects the stance of monetary 

policy in real-world, developed economies.  It is, rather, a stepping-stone toward such a model.  The 

next section will deal with a more realistic monetary policy.  The important point of this model is to 

show the inverse relationship between nominal rates and inflation under the presumption that nominal 

rates will be constant forever.   

Next, notice that the steady-state, real interest rate remains constant regardless of i and is equal to the 

natural real rate defined above.  This means that investment and output also are indifferent to i.  Or, in 

other words, monetary policy is “neutral” with regard to all real variables.  When i is lowered (raised) it 

is simply offset by a corresponding change in inflation in the steady state.  

Also, the price level in the initial period (but not future periods) is independent of the nominal interest 

rate.  This was actually surprising to me and I don’t have too much to say about it at this point.  This will 

not be the case in the next section. 

Inflation Targeting 

Now, instead of assuming a constant nominal rate, let us imagine that we begin with the steady-state 

level of output found above and with m0=100 and imagine that the central bank promises to produce 2% 

inflation for the indefinite future and that people believe they will actually do this.  In addition, the 

central bank sets the nominal interest rate each period and supplies the desired credit.   

The easiest way to achieve 2% inflation, would be for them to set the nominal rate at the level that 

would make the real rate equal to the natural real rate.  Let this nominal rate be identified as the natural 

nominal rate (note that this is conditional on the inflation target).  In this case it would be approximately 

17.8%.  At this rate, net borrowing would be positive so the central bank, instead of creating money and 

lending it into the economy, would be borrowing money, holding it and then paying it back in the future 

with newly-printed interest.  Since that isn’t what central banks seem to do, let us imagine a different 

scenario. 

Consider what would happen if the central bank committed to a 2% inflation target and then set a 

nominal rate below the natural nominal rate for that target.  This will cause several things to happen. 

First, consider the price in the initial period.  This can be determined by solving the following equation 

for P. 

𝑐∗(𝑃, (1 + 𝜋)𝑃, 𝑖, 𝑌, 𝑚𝑡) + 𝐼∗(𝑃, (1 + 𝜋)𝑃, 𝑖, 𝑌, 𝑚𝑡) = 𝑌      [5.1] 

For the parameters assumed above, along with the steady-state value of Y and a 2% inflation target, the 

equilibrium price in the current period, as a function of the nominal rate will be: 

𝑃0
∗(𝑖) =

−10 (1 + 𝑖)

5.202 (1/(1 + 𝑖)2) + 0.9 (−43.3 + 26.01/(1 + 𝑖)2)
      [5.1] 



This is downward-sloping in i.  In other words, the lower the nominal rate, the higher the price level in 

that period.  This makes sense because when people have the ability to borrow at a cheaper real rate, 

they will borrow more and use the money to bid up the price of both consumption and investment 

goods.  This also fits with the way we normally think about monetary policy functioning in the 

short/medium run.   

Second, with the lower real rate, investment (and therefore output) will have to be higher.  This is 

straightforward so I won’t bother going through the calculation.  But notice that this is also consistent 

with most theories of monetary policy in the short run.   

The part where this gets interesting is when we consider what will happen next period.  By promising a 

given rate of inflation and offering a nominal rate lower than the natural rate for that inflation 

expectation,  people will borrow more than what is consistent with that inflation rate and that constant 

nominal rate.  This means that in the next period, the monetary component of their wealth will be too 

low to generate the expected price level at the previous nominal rate.  Or, to say it another way, the 

central bank will have to lower the rate in order to hit the inflation target.   

The table below shows the expected path of the price level if the central bank promises to produce 2% 

inflation and sets the initial nominal rate at .15 along with the path for output and the nominal rates 

which are consistent with that price-level path, net borrowing, money balances and monetary wealth. 

t P  Y  i  m  L  M   

1 .577  43.31  .15  100  4.55  104.55  

2 .589  44.35  .115  99.32  34.16  133.48  

3 .600  45.74  .066  95.39  125.14  230.53  

4 .612  47.84  .001  87.16  13161.9 13249.06 

5 .625  50.50  -.049  74.08     

What we see here is that the attempt to lower the real rate below the natural real rate causes the price 

level to increase, output to increase, nominal rates to decrease and the balance sheet of the central 

bank and the money supply to grow exponentially over time.  Note that the falling interest rates are 

necessary to keep this going.  Note also that the monetary component of wealth is falling even though 

the money supply is growing because debt is growing faster than the money supply.   

Also notice that this does not result from a persistent effort to suppress real interest rates.  It results 

from a momentary (perhaps accidental) suppression of them combined with a persistent effort to hit an 

inflation target which then requires the central bank to open up a wider and wider gap between the 

prevailing real rate and the natural real rate or else miss their target. 

However, once we get to period 5, the nominal rate would have to be negative in order to produce the 

expected inflation.  At this point you are in a “liquidity trap.”  If the central bank cannot lower rates 

below zero, then there will be an “aggregate demand shortfall” and prices will have to drop 

dramatically.  This will then cause all of the stuff that is normally associated with a recession due to a 

deficiency of aggregate demand.  But the important point here is that it is not caused by random 

fluctuations in the economy or a mistake by policymakers or people suddenly “panicking” or sun-spots 



or whatever.  It is a deterministic, unavoidable, consequence of suppressing real interest rates below 

their natural level. 

Fiscal Policy (and “Unconventional” Monetary Policy) 

The above highlights the fact that once the central bank departs from the natural real rate of interest, if 

it continues trying to hit a (positive) inflation target using only conventional monetary policy, defined 

here as setting a nominal interest rate and supplying whatever funds are demanded at that rate, it will 

inevitably fall into a liquidity trap.  But this assumes that there is no other method of monetary injection 

at work.  This can be avoided by policies which inject money into the economy that do not need to be 

paid back.  In essence, this can be used to prop up monetary wealth and aggregate demand instead of 

perpetually lowering interest rates.   

This “fiscal policy” may include running deficits which are never intended to be paid back or buying 

financial assets for more than they are worth (for instance, buying debt that will have a high default rate 

for face value), or doing a Friedman-style “helicopter drop” of cash.  I will have more to say about this 

but I will leave that for later. 

 

 


